Abstract. In this paper, the basis transformation of the Chebyshev polynomials of fourth kind and the Bernstein polynomials is considered and the transformation matrices are derived.
Introduction
Among all possible bases' forms, choosing the appropriate basis gives us the features we want and makes it easier to solve the problem than when using other bases. Polynomials in Bernstein form give valuable insight of the geometric behavior of the polynomial. But the Bernstein basis is not orthogonal; therefore, the least-squares approximation problem can not be reduced . On the other hand, the Chebyshev polynomial basis is orthogonal; so the least-squares approximation problem has an explicit solution.
Explicit forms of bases' transformations have been derived; between Legendre and Bernstein bases in [19] , between Chebyshev polynomials of the first kind and the Bernstein bases in [8] , between Jacobi and Bernstein polynomial bases in [6] , between the Chebyshev of the second kind and the Bernstein bases in [16] , and between the Chebyshev of the Third kind and the Bernstein bases in [2] . Applications to bases transformations can be found in [3] , [7] , [5] , [4] . In this paper we construct the transformation matrix M between the Chebyshev polynomials of the fourth kind and the Bernstein polynomials and its inverse. The Bernstein polynomials of degree n are defined on [0,1] by:
We will recall some properties of the Bernstein polynomials that will help us getting our results, see [15] for details. We can write each Bernstein polynomial B n i (u) of degree n in terms of the Bernstein basis B m j (u) of degree m, where n < m, using the following degree elevation formula:
(1.
2)
The Chebyshev polynomials of the fourth kind are orthogonal on the interval [0, 1] with respect to the weight function w(u) = (u)
2 . They are given in explicit form as follows:
Preliminaries
In this section, we state and prove some important relations and identities in order to be used later in the main results. The double factorial of an integer n is given by:
1) The definition of the factorial of an integer plus one half is given by
This factorial (and the minus one half) can be further simplified to get:
Using the definition of the double factorial, here are other relations that will be used
The following lemmas are needed for the proof of Theorems 1 and 2. Lemma 1: For every n > 0 and k = 0, 1, ..., n, we have
Proof.
Lemma 2: For every n > 0 and k = 0, 1, ..., n, we have
Proof. Using combinatorial properties, we can reach the end of the proof as follows:
Lemma 3: The Beta function, β, satisfies the following equality:
Proof. Using properties of the Gamma and Beta functions, we can get the result as follows:
Lemma 4: The Chebyshev IV polynomial W n (u) is expressed in the Bernstein basis as follows:
Proof. Using relation (1.3) and lemmas (2), (3) with further simplifications, we get
Lemma 5: The integral of the weighted product of the Bernstein polynomial of degree n and the Chebyshev IV polynomial of degree j is given by
Proof. To complete the proof, previous relations with lemma (3), lemma (4), and beta function properties are used.
Using lemma (4) leads to
By the definition of the beta function, we get
Using lemma (3) brings
Using lemma (1)
Using the relations in (2.4), we have
From the definition of the double factorial of the even integer, the equation reduced to
.
Doing further simplifications completes the proof.
More information about factorials, combinatorial, beta and gamma functions can be found in [17, 10] .
Basis Conversion Matrices
The polynomial P n (u) is expressed in the Bernstein basis and the Chebyshev IV basis:
To make use of the advantages of the Bernstein basis properties and the Chebyshev IV basis properties, we find the (n + 1) × (n + 1) transformation matrix M that converts the Chebyshev IV basis coefficients t 0 , t 1 , ..., t n to the Bernstein basis coefficients c 0 , c 1 , ..., c n and its inverse, M −1 , that transforms the Bernstein to the Chebyshev IV basis. Hence, M and M −1 satisfy:
where c = (c 0 , c 1 , . . . , c n ) T , and t = (t 0 , t 1 , . . . , t n ) T . The matrices M and M −1 are called the transformation matrices between the Chebyshev IV and the Bernstein basis. The Chebyshev IV polynomial W k (u) can be written in terms of the Bernstein basis as follows: 2) where N is the (n + 1) × (n + 1) basis conversion matrix. Multiplying both sides with t k and taking the summation over k we have
Compare this relation with the equation (3.1) to get
Since c = Mt and t = M −1 c, we get
M jk t k , and
Comparing with (3.3) we find that M jk = N kj ; thus M = N T . The elements of M are given in the following theorem.
Theorem 1: The elements of the matrix M that satisfies W n = B n M which transforms from the Chebyshev IV polynomial basis into the Bernstein polynomial basis for 0 ≤ j, k ≤ n are given by:
Proof. By applying the degree elevation (1.2) of the Bernstein polynomials for Bernstein polynomials of degree k and n such that k < n we have:
By substituting the degree elevation in Lemma 4 for the Chebyshev IV polynomials of degree k we get:
The elements N kj of the matrix can be constructed after solving the linear transformation W k (u) = 
